INTRODUCTION
The theory of the rainbow has been formulated at many levels of sophistication. In the geometrical-optics theory of Descartes, a rainbow occurs when the angle of the light rays emerging from a water droplet after a number of internal reflections reaches an extremum. 1 In Airy's wave-optics theory, the distortion of the wave front of the incident light produced by the internal reflections describes the production of the supernumerary bows and predicts a shift of a few tenths of a degree in the angular position of the rainbow from its geometrical-optics location. 2 In Mie theory, the rainbow appears as a strong enhancement in the electric field scattered by the water droplet. 3 Although the Mie electric field is the exact solution to the light-scattering problem, it takes the form of an infinite series of partialwave contributions that is slowly convergent and whose terms have a mathematically complicated form. 4 In the complex angular momentum theory, the sum over partial waves is replaced by an integral, and the rainbow appears as a confluence of saddle-point contributions in the portion of the integral that describes light rays that have undergone m internal reflections within the water droplet. 5 The rainbows seen in the sky are produced by a large number of water droplets. When an individual water droplet is observed at a close distance (as defined in Section 3), a number of colored glare spots are seen on its surface. 6 These colored glare spots are produced by the eye of the observer focusing the light rays that emerge from the droplet and that would have otherwise continued on their paths and contributed to the atmospheric rainbow seen at far distances (as defined in Section 3). Mathematically, these glare spots are sharp spikes in the Fourier transform of the Mie electric field convolved with the aperture of the pupil of the observer's eye. 7 When the Fourier-transform spikes were compared with the predictions of the various-order internalreflection terms of the Debye expansions of the Mie electric field, it was found that some of the spikes appearing at the edge of the droplet seemed not to correspond to any individual Debye-expansion term. These spikes did not appear to be produced by surface waves that generate light rays that are shed tangentially from the droplet and provide a small background intensity at the edges of the droplet for all observation angles. The additional sharp spikes observed in Ref. 7 represent instead an enhancement over and above this background. The purpose of this paper is to examine in detail the behavior of these additional Fourier-transform spikes and to demonstrate that they are a cooperative effect. Mathematically, the point of view that we take is as follows. The scattering amplitude and its Fourier transform may be written as double sums. One sum is over partial waves I in the expansion of the incoming and outgoing fields. The other sum is over the number of internal reflections m that a given partial wave undergoes before exiting the droplet. The usual analyses of Mie scattering find interesting structure in the scattering amplitude, namely, geometrical rays and the various-order rainbows, when the 1 sum is obtained for a fixed value of m. The narrow spikes in the Fourier transform of the scattering amplitude obtained by such analyses are termed Debye glare spots, since each of them corresponds to a definite number of internal reflections and a definite term in the Debye expansion. In this paper it is shown that the interesting structure in the Fourier transform of the scattering amplitude is also found when the m sum is obtained for a fixed value of 1. The scattering enhancements that are produced in this way are termed non-Debye enhancements, since they do not correspond to a definite number of internal reflections. By comparing the two methods for evaluating the scattering-amplitude double sum, it is shown that obtaining the 1 sum for fixed m emphasizes certain geometrical-raylike aspects of Mie scattering and that obtaining the m sum for fixed 1 emphasizes certain wavelike aspects of Mie scattering.
Physically, the analysis of the non-Debye enhancements ties together many diverse aspects of Mie scattering. At certain observation angles, geometrical rays making large numbers of internal reflections within the droplet produce glare spots at the right-and left-hand edges of the droplet. They provide a background intensity there whose magnitude is independent of the size of the droplet. Associated with these glare spots are additional geometrical rays be-yond the edge of the droplet that are captured by it and that resemble orbiting rays. At certain droplet sizes, scattering resonances occur in individual partial waves. Their constructive interference with the orbiting rays produces the large non-Debye enhancements in the Fourier transform of the scattering amplitude that were reported in Ref. 7 . At the same time, a scattering resonance generates a family of internal-reflection resonances. Each member of this family is a constructive interference cooperation of the internalreflection terms of the Debye series for a single partial wave.
The scattering resonance constructively interferes with all the members of the internal-reflection-resonance family and additionally strengthens the non-Debye peaks.
DEBYE-SERIES EXPANSION OF THE SCATTERING AMPLITUDE
The interaction of a plane electromagnetic wave whose wave vector is 27r k = -and whose electric field is
with a dielectric sphere whose radius is a and whose index of refraction is n produces an outgoing scattered electromagnetic wave Escattered(r). The amplitude of the scattered wave is found by a partial-wave analysis in which the incident wave is expanded in terms of spherical-multipole standing waves and the scattered wave is expanded in terms of radially outgoing spherical-multipole waves. The farfield limit of the partial-wave-expanded scattered wave is On the other hand, if we let
then bi is given by The spherical-multipole standing waves in the partialwave expansion of the incident plane wave may be written as linear combinations of radially incoming and outgoing spherical-multiple waves. It is of interest to determine the fractions of each of these multipole amplitudes that are reflected and transmitted when the radially incoming and outgoing waves hit the droplet surface. Region 1 is taken to be the interior of the droplet, and region 2 is taken to be outside the droplet. The reflection and transmission coefficients for the radially incoming and outgoing multipole waves are found to be 
In these expressions, the first and second superscripts de-(2. 7) note the regions that the spherical-multipole wave is in before and after the interaction with the droplet surface, reb, are exspectively.
The partial-wave scattering amplitudes may be written as (2.8) an infinite series of interactions of the spherical-multipole waves with the droplet surface. 9 Specifically, it is found (2.9) that James A. Lock In the thin-film problem, the magnitude of each complex term in the infinite series for reflection or transmission describes the fraction of the incident wave that has been reflected or transmitted to that point. The phase of each complex term describes the phase delay of the wave that is due to the path that it has traveled within the film to that point. The complex spherical-multipole reflection and transmission coefficients appearing in Eq. (2.20) may also be written in terms of magnitudes and phases as
In Section 4 the phases 01' and kll are evaluated in the geometrical-optics limit.
From numerical computations it was found that the partial-wave series may be cut off at lm1, -x + 4.3x1/3 (2.33) with no loss of accuracy.' 3 Physically this corresponds to the size of the region outside the water droplet for which incident light rays can be deflected appreciably by it. The interval
is called the edge region for the incident partial waves.
FOURIER TRANSFORM OF THE SCATTERING FUNCTIONS
As in Ref. 
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We are interested primarily in partial waves in the edge region for large water droplets with x >> 1. In this region and for 0 o far from the forward and backward directions, 7rj(0) and rj(G) may be approximated by their asymptotic forms,' 6 and we have
where
The sinc function peaks at w = 0 and falls to half its peak height at w -±1.89. When relations (3.6) and (3.7) are substituted into Eqs. (3.2) and (3.3), the Fourier transform of the scattering functions acquires a phase that depends on the observation angle and
When all the constants and slowly varying functions of 1 are combined into the quantity K, these Fourier transforms may be written collectively as
The constructive interference of the overlapping sine functions of a number of adjacent or nearly adjacent 1 values produces the glare spots that the observer sees on the surface of the droplet. The presence of the observer is instrumental in the production of the glare spots, since his or her aperture function determines the degree of overlap of the sinc functions. For a wide aperture, the scattering functions are sampled over a large angular interval, the angular dependences rj(0) and 7r1 (0) 
GEOMETRICAL-RAY GLARE SPOTS
The customary way to evaluate the interaction portion of the scattering amplitude is to convert the I sum to an integral for each value of m by using the modified Watson transformation and then to evaluate and interpret the principal contributions to the integrals. The saddle-point or stationarypoint contributions to the integrals are reminiscent of Fermat's principle and correspond to geometrical rays. If the 1 sum is obtained for fixed m without being converted into an integral, geometrical rays are produced when a number of adjacent partial waves in the 1 sum occur with the same phase and constructively interfere.' 7 The path of such a stationary-point geometrical ray through the droplet and beyond it is identical to the light path that would be ob- sponding to the sinc function in relation (3.11) that peaks at p = 1. If a ray is incident upon the bottom half of the droplet, its exit occurs on the left-hand side, corresponding to the sinc function in relation (3.11) that peaks at p = -1.
For an observer at the angle 0 o in Fig. 1(a) , a geometrical ray making m internal reflections within the droplet and having the impact parameter associated with the incident partial waves centered about the value 10 produces a glare spot at the location p on the droplet where 7
where P= lo (4.3) if the ray is incident upon the upper half of the droplet and where P = -10
if it is incident upon the lower half. This prediction of the locations of geometrical-ray glare spots allows us to evaluate the phases Al' and kl 1approximately. In the region near the partial wave lo, the portion of the Fourier transform of the scattering functions corresponding to m internal reflections may be written as
where the transmission and reflection phase angles are Taylor-series expanded about lo as ¢21 = o2l + zA 2l + ... According to Fermat's principle, a geometrical ray occurs when the phase of the amplitude is stationary or independent of z for a number of partial waves centered about 10. When Ak01 and A,0ll are integrated, we obtain This delay is the first term of relation (4.14). The phase delay produced by the internal reflection of the geometrical ray within the droplet is This delay again is the first term of relation (4.15). The remaining terms in relations (4.14) and (4.15) that are proportional to 1 represent a reduction in the phase delay of the partial wave from that of geometrical rays. This is due to the fact that a single partial wave is a spherical multipole and not a geometrical ray. It has the spherical Besselfunction modulation jl(nkr) rather than the sinusoidal modulation associated with geometrical rays. Inside the droplet jl(nkr) undergoes fewer radial oscillations, owing to its being damped at small r by the centrifugal potential. Fig. 2 . In addition to these, there is a third point of stationary phase, labeled by R(11) in Fig. 2 , occurring beyond the geometrical edge of the droplet. This point of stationary phase has the following behavior. At 0(1), the m = 11 phase has an inflection point for 1 slightly larger than x. In terms of partial waves, this corresponds to the spherical-multipole standing waves that are just below the top of the centrifugal barrier and are able to tunnel through it and to interact with the droplet. 8 " 9 ' 2 0 Alternatively, it corresponds to a geometrical ray with a small but finite width or profile that is incident just beyond the edge of the droplet. A small amount of amplitude at the edge of the ray profile overlaps the edge of the droplet and is captured by it, being transmitted inside with the critical angle of refraction and then multiply internally reflecting. For 0 o> O),the inflection point splits into a relative maximum, R("), which corresponds to a geometrical ray and moves downward in 1 as 0 0 is increased, and a relative minimum, R(11), which moves upward in I farther beyond the edge of the droplet as 0 0 is increased. The R(1") stationary point may again be interpreted in two complementary ways. First, it corresponds to spherical multipoles farther below the top of the centrifugal barrier and whose interaction with the droplet by means of barrier penetration is decreased. Second, it corresponds to an incident geometrical ray increasingly farther beyond the edge of the droplet and having a decreasing amount of its amplitude at the outer edge of the ray profile being captured by the droplet. As the 1 for which R(1") occurs increases beyond x, the deflection angle of the ray decreases, since the droplet cannot interact with it so strongly. Similarly, the strength of the deflected ray rapidly decreases, since
1>>x (4.22) This effect is reminiscent of the semiclassical phenomenon of orbiting,' 9 and R (11) stationary-phase point is more pronounced and occurs over a larger range of 0 0 for increasing m. This effect is not associated with surface waves, since surface waves occur most strongly on the shadow side of the scattering angle of the critically refracted ray and the orbiting rays occur only on the lit side. In Section 7 it is shown that scattering resonances cooperate with the orbiting-ray stationary-phase point to produce the non-Debye enhancements in the Fourier transform of the scattering functions.
INTERNAL-REFLECTION RESONANCES IN THE EDGE REGION
As mentioned at the beginning of Section 4, the usual way to evaluate the scattering amplitude is to obtain the 1 sum for a At a scattering resonance in the partial wave 1r, using Eqs. 
CONNECTION BETWEEN SCATTERING RESONANCES AND INTERNAL-REFLECTION RESONANCES
A scattering resonance occurs in the partial wave 1 at the size parameter x when tl = 0 (6.1) in Eqs. (2.11) or (2.13). Physically, a scattering resonance corresponds to a natural mode of electromagnetic vibration of the droplet. 4 At resonance the droplet captures an anomalously large amount of energy from the initial partial wave 1, stores it within the droplet in the form of the 1 multipole standing wave, 21 ' 22 and later releases it in the form of a largeamplitude outgoing 1 multipole spherical wave. This largeamplitude outgoing wave is responsible for the narrow enhancements observed in the total-scattering cross section 2 3 -2 5 and in the glory-region intensity' 7 '
26 when they are plotted as functions of the size parameter x. In this section it is shown that, for resonances at the upper end of the edge region of relation (2.34), a resonant spherical multipole corresponds to an internal-reflection resonance. This mechanism accounts for all the observed properties of scattering resonances. Since r4 is near unity for a resonant partial wave, the portion of the spherical multipole that enters the droplet reflects back and forth within it many times, producing a long path within the droplet. This long path length makes the resonance susceptible to damping by and, using
since high in the edge region
we also obtain
(6.5) (6.6) (6.7) (6.8)
For the bl polarization, the expressions for t1, tl2, and t4 are identical except for the replacement (1) -(n). For partial waves satisfying relation (6.7), we have 3 ' di(y) t-
, They correspond to the resonant partial wave's reflecting internally time after time inside the droplet with a constructive interference path length that produces an integer cycle phase delay. These are exactly the conditions under which a plane wave incident upon a square barrier for the flatinterface problem has a transmission resonance. 27 In the partial-wave sums for the scattering amplitudes of is proportional to the square of the magnitude of the partialwave scattering amplitudes, 1 r contributes to the scattering efficiency independently of the phases of the rest of the partial waves in the background sum. The situation is different for the angular scattering, since the scattering functions are sums over al and b, and the phases of all the partialwave scattering amplitudes superpose with one another in these sums. In particular, the phase of 1 r superposes with the phase of the background sum in producing the observed angular scattering. If the phase of the background sum and the phase of 1 r are equal, as is the case for forward scattering, where
the resonant partial wave has on the angular scattering is diminished. As the observation angle is varied from 0 to 180 deg, the effect that the scattering resonance has on the angular scattering is variable as well.
In the Fourier transform of the scattering functions of relations (3.9)-(3.11), the width of the observer's aperture function allows one to control the width of the sinc functions and thus to control the number of partial waves in the background sum with which the phase of 4. coherently interferes. Thus the Fourier transform measures not only the strength of a scattering resonance but also the nature of its interference with neighboring partial waves. This proves to be useful in that, since 1 r can be made to interfere with only a limited range of I as opposed to the entire range of l as in Eqs.
(2.4) and (2.5), one can produce cooperative effects between scattering resonances and localized regions of interesting phase variation in the background sum, such as geometrical rays and families of internal-reflection resonances. This phase cooperation is examined in Section 7.
NON-DEBYE GLARE SPOTS AND THE COOPERATION OF PARTIAL WAVES
For the parameters of Eqs. It would thus seem that the glare spot J is related both to scattering resonances and to the 11th-order rainbow. This is corroborated in Figs. 5 and 6 , in which the area under the J peak, 
3)
The phase of the contribution of the partial wave ir to the Fourier transform of the m-order Debye term is virtually the same as the phase of the 1 r scattering-resonance Fourier transform. This is because (i) a scattering resonance high in the edge region is also an internal-reflection resonance and (ii) for an internal-reflection resonance the phase of each term in the m sum is the same as that of the entire m sum itself. When the aperture function of the observer is of the order of a few degrees, it allows the pesonance amplitude to interfere coherently with the Fim) amplitude for a number of partial waves to either side of 1 r. However, the upper portion of the edge region is not only the location of ir. It is also the location of the orbiting-ray stationary-phase point R(m).
Thus, for Gw, as in Eq. (3.12), since the phases of the lr scattering resonance and the R(1") orbiting-ray stationary point are almost the same in the Fourier transform, the Fourier transform of the scattering-resonance amplitude constructively interferes with the Fourier transform of the 11-internal-reflection amplitude in the region of R("). This constructive interference amplifies the effect that the scattering resonance has on the J glare spot. It does this in the same way that the forward-scattering amplitude was amplified by the constructive interference between the scatteringresonance phase and the phase of the background sum.
When the size parameter is such that 1 r is off resonance, its contribution to Fi is much less, and its phase no longer constructively interferes with the R(1") stationary-phase region. This phenomenon is the cooperation of partial waves in Mie scattering.
An additional cooperation further enhances the contribution of scattering resonances to the non-Debye peak J when 1 r is not too much larger than x. In this range, approximate internal-reflection resonances are produced in a number of lower partial waves when x is in a reasonably large neighborhood about the value for which 1 r resonates. They are produced as follows. These are shown in Table 2 . These partial waves possess approximate internal-reflection resonances for 7446.88 S x < 7447.18.
Although the m sums for these lower 1 partial-wave resonances have large magnitudes, as shown in Table 2 , they merely act as part of the size-parameter-insensitive background and make no strong contribution to the Fourier transform of the scattering functions unless they constructively interfere with each other. This constructive interference occurs in the first sinc function in relation (3.11) for the observation angles and it occurs in the second sinc function in relation (3.11) for interference is apparent in the phases given in Table 2 . This additional constructive interference enhances further the contribution of the scattering resonance to the J peak.
Finally, in this paper I have concentrated on one polarization of the incident light, on scattering resonances in one narrow range of size parameters, and on one narrow range of observation angles about the 11th-order rainbow. The mechanism discussed here has a more general validity. Scattering resonances occur over the entire range of droplet sizes. Thus, as an individual droplet grows or evaporates, the J peaks in IFJI 2 persist because different resonances cooperate one after the other with the Rim) stationary-phase points. There are J peaks at observation angles near all the large-m critical refraction scattering angles 0 (m). The J enhancement occurs for both the S and the S2 polarizations. But since rainbows are polarized strongly in the Si polarization, the enhancement-to-background ratio is larger in the S 2 polarization. Experiments designed to observe the J non-Debye enhancements for the S2 polarization are now in progress.32
